A Uniqueness Result for Measure Valued Solutions of Nonlinear Hyperbolic Equations

Thierry Gallouët^1 and Raphaèle Herbin^1

Abstract We study here the solutions of the nonlinear hyperbolic equation ut + div(vf(u)) = 0 in IRN � [0, T ], with given initial condition u(., 0) = u0(.) in IRN , where v is a given function from IRN � [0, T ] to IRN and f is a given function from IR to IR. We prove that if ν is a measure valued solution satisfying some entropy condition, which we define, then νx;t = δu_(x;t_) for a.e. (x, t) 2 IRN � [0, T ], where u is the unique entropy weak solution to the equation.

AMS Subject classifications : 35L65.

We consider here the following nonlinear hyperbolic equation, with initial condition: { u_t(x, t) + div(vf(u(x, t))) = 0, x ∈ IR^N , t ∈ [0, T ] u(x, 0) = u_0(x), x ∈ IR^N (1)

where T > 0, u_t denotes the derivative of u with respect to t, divv= N∑ i=1 ∂_{xi} v_i, where x = (x_1, ..., x_N), v =

(v_1, . . . , v_N ), v ∈ C^3(IR^N × [0, T ], IR^N ). It is assumed that there exists V > 0 such that sup{|v(x, t)|, x ∈ IR^N , t ∈ [0, T ]} ≤ V , where |.| denotes the Euclidean norm in IR^N , that f is a given function of class C^3 from IR to IR, and that u_0 ∈ L^∞(IR^N ) is a given function. It is also assumed that sup{−div(v(x, t))f^′(u), x ∈ IR^N , t ∈ [0, T ], u ∈ IR} < ∞ (this is true, for instance, if divv = 0). Under these assumptions, Kruzkov [4] gives results of existence (and uniqueness) of the entropy weak solution u, i.e. a function u ∈ L^∞(IR^N ×]0, T [) which satisfies : ∫ IR^N ∫_T 0 η(u(x, t))φ_t(x, t) + Φ(u(x, t))v(x, t).gradφ(x, t))dtdx + ∫ IR^N ∫_T 0 divv(x, t)φ(x, t) ( Φ(u(x, t)) − η^′(u(x, t)f(u(x, t)) ) dtdx+ ∫ IR^N η(u_0(x))φ(x, 0)dx ≥ 0 ∀ φ ∈ C^1_c (IR^N × [0, T [, IR_+), for any C^1 convex function η from IR to IR, and Φ such that Φ^′ = f^′η^′,

(2)

where C^1_c (E, F ) is the set of C^1 functions from E to F with compact support in E. Other results of existence and uniqueness of a weak entropy solution to problem (1) are given in [8], [6], [5].

1Université de Savoie, Département Mathématiques, BP 1104, 73011 Chambéry Cedex, France

Remark 1 In fact, Kruzkov shows the existence (and uniqueness) of u solution in the following sense : u ∈ L^∞(IR^N ×]0, T [) ∫ IR^N ∫_T 0 [ |u(x, t) − k|φ_t(x, t) + sign(u − k) ( f(u) − f(k) ) v(x, t)gradφ(x, t))− sign(u(x, t) − k)divv(x, t)f(k)φ(x, t) ] dtdx ≥ 0, ∀ φ ∈ C^1_c (IR^N ×]0, T [, IR_+), ∀ k ∈ IR. (3)

There exists a set E ⊂ [0, T ] of zero measure such that for t ∈ [0, T ] \ E, the function x → u(x, t) is defined a.e. on IR^N , and for any ball B_r = {x ∈ IR^N , |x| ≤ r}, ∫ B_r |u(x, t) − u0(x)|dx → 0, as t → 0, with t ∈ [0, T ] \ E. (4)

This result yields the existence of u ∈ L^∞(IR^N ×]0, T [) satisfying (2) (this can be proved by approximating

η ∈ C^1(IR, IR) by functions of the form : η_n(s) = n∑ i=1 α^{(n)}_i |s − k^{(n)}_i |).

Conversely, if u ∈ L^∞(IR^N ×]0, T [) satisfies inequality (2), then u satisfies (3) (by taking regularisations of functions of the type |. − k|), and :

lim_{τ→0} 1 τ ∫_τ 0 ∫ B_r |u(x, t) − u_0(x)|dxdt = 0. (5) Note that (4) yields (5), but (5) is weaker than (4). In the following, we shall only use the fact that there exists u ∈ L^∞(IR^N ×]0, T [) satisfying (3) and (5).

Remark 2 In previous works, an entropy weak solution is generally defined as a function u ∈ L^∞(IR^N ×]0, T [) ∩ C([0, T [, L^1_{loc}(IR^N )) satisfying the equation, including the initial condition, in a weak sense, i.e. : ∫ IR^N ∫_T 0 u(x, t)φ_t(x, t) + f(u(x, t))v(x, t).gradφ(x, t))dxdt + ∫ IR^N u_0(x)φ(x, 0)dx = 0 ∀ φ ∈ C^1_c (IR^N × [0, T [, IR), (6)

and the entropy inequalities, without the initial condition, i.e. : ∫ IR^N ∫_T 0 η(u(x, t))φ_t(x, t) + [ Φ(u(x, t))v(x, t).gradφ(x, t))+ divv(x, t) ( Φ(u(x, t) − f(u(x, t)η^′(u(x, t)) ) φ(x, t) ] dtdx ≥ 0 ∀ φ ∈ C^1_c (IR^N ×]0, T [, IR_+), for any C^1 convex function η from IR to IR, and Φ such that Φ^′ = f^′η^′. (7)

Such a solution satisfies (2). We introduced formulation (2) in order to be compatible with what follows on measure valued solutions. In fact, we shall use (7) (more precisely (3)) as a characterization of an entropy weak solution, and we shall write the initial condition under the form (5), which derives from (2) or from the fact that u ∈ L^∞(IR^N ×]0, T [) ∩ C([0, T [, L^1_{loc}(IR^N )) and satisfies (6).

Remark 3 It is possible to replace, in problem (1), v(x, t)f(u) by a (vector) function v(x, t, u), and a right-hand-side of the type g(x, t, u), with the following assumptions on v and g (see [4]):

1. The function v is of class C^3, and g is of class C^2, 2. sup{|^{∂v}_{∂u} (x, t, u)|, x ∈ IR^N , t ∈ [0, T ], u ∈ [−M, M ]} < ∞, for all M ∈ IR, 3. sup{| divv(x, t, 0) − g(x, t, 0)|, x ∈ IR^N , t ∈ [0, T ]} < ∞, 4. sup{|^{∂(divv−g)}_{∂u} (x, t, u)|, x ∈ IR^N , t ∈ [0, T ], u ∈ IR} < ∞. Under these hypotheses, the uniqueness theorem stated below still holds. However, for the sake of clarity, we limit ourselves to the case v(x, t)f(u).

Entropy weak solutions can be seen as limits of the solutions to the viscous perturbations of (1). Some years ago, the notion of measure valued solution was introduced with v constant, which can appear, for instance, as the limit of the solutions of some other perturbations of (1) (KdV equations, see [2]).

Definition 1. Let r > 0, T > 0 and ν : (x, t) → ν_{x,t} be a measurable application from IR^N ×]0, T [ into the set of probabilities on IR supported in [−r, r]. For g ∈ C(IR, IR), define μ_g ∈ L^∞(IR^N ×]0, T [, IR) by : μ_g(x, t) = ∫ IR g(λ)dν_{x,t}(λ). (8) Let f ∈ C(IR, IR), u_0 ∈ L^∞(IR^N ), v ∈ C^1(IR^N × [0, T ], IR^N ), then ν is a measure valued solution to problem (1) if : ∫ IR^N ∫_T 0 (μ_{(.)}(x, t)φ_t(x, t) + μ_f (x, t)v.gradφ(x, t))dtdx + ∫ IR^N u_0(x)φ(x, 0)dx = 0 ∀ φ ∈ C^1_c (IR^N × [0, T [, IR). (9)

where (.) denotes the application λ → λ.

Note that, in the above definition, μ_g is well defined for any g ∈ C(IR, IR), thanks to the assumption that ν_{x,t} has a compact support and therefore all functions in C(IR, IR) are integrable over IR for the measure ν_{x,t}, for all (x, t) ∈ IR^N ×]0, T [.

Examples of measure valued solutions which are not entropy weak solutions can be built (see [2]). It can be shown that if (u_ε)_{ε>0} ⊂ L^∞(IR^N ×]0, T [, IR) is such that u_ε → ν as ε → 0 (in the sense that for all g ∈ C(IR, IR), g(u_ε) → μ_g in L^∞(IR^N ×]0, T [, IR) for the weak star topology), and u_ε → u a.e., then ν_{x,t} = δ_{u(x,t)} for a.e. (x, t) ∈ IR^N ×]0, T [, where δ_a denotes the Dirac measure at a.

Definition 2. With the notations and assumptions introduced in Definition 1, the application ν : (x, t) → ν_{x,t} is said to be an entropy measure valued solution to problem (1) if : ∫ IR^N ∫_T 0 [ μ_η(x, t)φ_t(x, t) + μ_Φ(x, t)v(x, t).gradφ(x, t))+ ∫ IR^N ∫_T 0 divv(x, t)μ_{Φ−fη}′ (x, t)φ(x, t) ] dxdt + ∫ IR^N η(u_0(x))φ(x, 0)dx ≥ 0 ∀ φ ∈ C^1_c (IR^N × [0, T [, IR_+), for any C^1 convex function η from IR to IR, and Φ such that Φ^′ = f^′η^′.

(10)

If ν is an entropy measure valued solution to (1), then ν satisfies the initial condition in the sense stated in the following lemma. This result is an important step of the proof of the following uniqueness theorem.

Lemma 1 Let T > 0, f ∈ C(IR, IR), u_0 ∈ L^∞(IR^N ), v ∈ C^1(IR^N ×[0, T ], IR^N ), and let ν : (x, t) → ν_{x,t} be an entropy measure valued solution to problem (1). Then : 1 τ ∫_τ 0 ∫ B_a μ_{|.−u0(x)|}(x, t)dxdt → 0 as τ → 0, ∀ a ∈ IR_+, (11) where B_a = {x ∈ IR^N ; |x| ≤ a}. Proof of Lemma 1.

Let ψ ∈ C^1_c (IR^N , IR_+) and 0 < τ < T . We define ρ by :

ρ(t) = τ − t τ if 0 ≤ t ≤ τ 0 if t > τ. (12)

Taking φ(x, t) = ψ(x)ρ(t) and η(s) = s^2 in (10) (this is possible by taking regularizations of the function ρ) yields :

− 1 τ ∫_τ 0 ∫ IR^N μ_{|.|}2 (x, t) ψ(x)dxdt+ ∫_τ 0 ∫ IR^N μ_Φ(x, t)ρ(t)v(x, t).gradψ(x)dxdt + ∫ IR^N u^2_0(x)ψ(x)dx+ ∫_τ 0 ∫ IR^N μ_{Φ−fη}′ (x, t)divv(x, t)ρ(t)ψ(x)dxdt ≥ 0. (13)

Since the application (x, t) → ( μ_Φ(x, t)v(x, t)gradψ(x) +μ_{Φ−fη}′ (x, t)divv(x, t)ψ(x) ) ρ(t) belongs to L^∞(IR^N ×]0, T [), we obtain :

lim sup τ→0 1 τ ∫_τ 0 ∫ IR^N μ_{|.|}2 (x, t)ψ(x)dxdt ≤ ∫ IR^N u^2_0(x)ψ(x)dx. (14)

Now, taking η to be a linear function in (10), we get an equality and the test function φ may be taken in C^1_c (IR^N × [0, T [, IR). Let (u^{(n)}_0 )_n ⊂ C^1(IR^N , IR) be a sequence such that ‖u^{(n)}_0 ‖_∞ ≤ ‖u_0‖_∞, for every n, and u^{(n)}_0 → u_0 a.e. in IR^N as n → +∞. Taking regularisations of ρ, it is clear that we can take φ(x, t) = ψ(x)u^{(n)}_0 (x)ρ(t) in (10). This gives : − 1 τ ∫_τ 0 ∫ IR^N ( μ_{(.)}(x, t) −u_0(x) ) ψ(x)u^{(n)}_0 (x)dxdt+ ∫_τ 0 ∫ IR^N μ_f (x, t)v(x, t).grad ( ψ(x)u^{(n)}_0 (x) ) ρ(t)dxdt = 0. (15)

Since the application defined by : (x, t) → μ_f (x, t)v(x, t).grad ( ψ(x)u^{(n)}_0 (x) ) ρ(t) belongs to L^∞(IR^N ×]0, T [) and since ψ has a compact support, passing to the limit as τ → 0 in (15) yields :

lim_{τ→0} 1 τ ∫_τ 0 ∫ IR^N ( μ_{(.)}(x, t) − u_0(x) ) ψ(x)u^{(n)}_0 (x)dxdt = 0. (16)

Since u^{(n)}_0 tends to u_0 in L^1_{loc}(IR^N ) as n tends to infinity, we may assert that : 1 τ ∫_τ 0 ∫ IR^N ( μ_{(.)}(x, t) − u_0(x) ) ψ(x)u^{(n)}_0 (x)dxdt → 1 τ ∫_τ 0 ∫ IR^N ( μ_{(.)}(x, t) − u_0(x) ) ψ(x)u_0(x)dxdt (17)

as n → +∞, uniformly with respect to τ . Hence, we deduce from (16) that

lim_{τ→0} 1 τ ∫_τ 0 ∫ IR^N ( μ_{(.)}(x, t) − u_0(x) ) ψ(x)u_0(x)dxdt = 0. (18) Therefore, for all ψ ∈ C^1_c (IR^N , IR_+), (14) and (18) imply :

lim sup τ→0 1 τ ∫_τ 0 ∫ IR^N ( μ_{|.|}2(x, t) − 2μ_{(.)}(x, t)u_0(x) + u_0(x)^2 ) ψ(x)dxdt ≤ 0. (19)

Let ε > 0, remarking that |λ − u_0(x)| ≤ ε + |λ − u_0(x)|^2 ε , we may write : ∫_τ 0 ∫ IR^N μ_{|.−u0(x)|}(x, t) ψ(x)dxdt ≤ ε ∫_τ 0 ∫ IR^N ψ(x)dxdt + 1 ε ∫_τ 0 ∫ IR^N μ_{|.−u0(x)|}2 (x, t)ψ(x)dxdt. (20)

Hence, passing to the limit as τ → 0 and using the fact that ε is arbitrary, we deduce :

lim_{τ→0} 1 τ ∫_τ 0 ∫ IR^N μ_{|.−u0(x)|}(x, t)ψ(x)dxdt = 0. (21) Let a > 0, taking ψ = 1 on B_a = {x ∈ IR^N ; |x| ≤ a} yields Assumption (11), and completes the proof of Lemma 1.

We can now state the uniqueness result :

Theorem Let T > 0, f ∈ C^1(IR, IR), u_0 ∈ L^∞(IR^N ), v ∈ C^1(IR^N × [0, T ], IR^N ), and let ν : (x, t) → ν_{x,t} be an entropy measure valued solution to problem (1). We assume that sup{|v(x, t)|, x ∈ IR^N , t ∈ [0, T ]} = V < ∞ and that there exists u, entropy weak solution to problem (1) (that is, u ∈ L^∞(IR^N ×]0, T [) satisfying (2)). Then ν_{x,t} = δ_{u(x,t)} for a.e. (x, t) ∈ IR^N × IR_+.

Remark 4 We recall that, in order to have the existence of an entropy weak solution to (1), it suffices, for instance, see [4], to assume that the functions v and f are of class C^3, and that sup{−div(v(x, t)) f^′(u), x ∈ IR^N , t ∈ [0, T ], u ∈ IR} < ∞. Furthermore the same uniqueness theorem holds in the more general case described in Remark 3 above (and an easy generalisation of entropy measure valued solution).

Note that DiPerna (see [2], [3]) had already proved a uniqueness result on the entropy measure valued solution to (1), for constant v and with stronger assumptions on ν, in particular with ν satisfying : 1 τ ∫_τ 0 ∫ IR^N μ_{|.−u0(x)|}(x, t)dxdt → 0 as τ → 0. (22) From Lemma 1, condition (10) which is assumed in our theorem yields the weaker condition (11), which we recall :

1 τ ∫_τ 0 ∫ B_a μ_{|.−u0(x)|}(x, t)dxdt → 0 as τ → 0, ∀ a ∈ IR_+. Examples can be built to show that (11) can be satisfied without (22) being satisfied. In fact, when studying the convergence of numerical schemes (see [1]), Assumption (22) cannot be proved to be satisfied by the limit (in the sense defined below) of approximate solutions which are given by the numerical scheme (except under an ”inverse CFL” condition, i.e. a condition of the type h ≤ Ck, where h is the mesh size and k the time step), whereas Assumption (11) has been proven to be satisfied. For a constant v, calling (u_ε)_{ε≥0} the sequence of approximate solutions, the convergence result may be obtained in the following way : since (u_ε)_{ε≥0} is bounded in L^∞(IR^N ×]0, T [), we may write that, for a convenient subsequence, u_ε → ν as ε → 0 in the sense that g(u_ε) → μ_g in L^∞(IR^N ×]0, T [, IR) for the weak star topology, for any function g ∈ C(IR, IR). Using the fact that, for all g ∈ C(IR, IR) and w ∈ L^∞(IR^N ×]0, T [), |g(u_ε) − w| → μ_{|g(.)−w|} in L^∞(IR^N ×]0, T [, IR) for the weak star topology (where μ_{|g(.)−w|}(x, t) = μ_{|g(.)−w(x,t)|}(x, t)) and the above uniqueness result, we prove μ_{|.−u(x,t)|} = 0, where u is the entropy weak solution to (1), so that u_ε → u in L^p_{loc}(IR^N ×]0, T [, IR) for any finite p. A. Szepessy also gave (see [7]) an uniqueness theorem (for constant v) with condition (11) instead of condition (22). Proof of the Theorem. The proof of the theorem is decomposed in 3 steps : In step 1, we prove that, if ν is an entropy measure valued solution to (1) and if u is the entropy weak solution to (1), we have : ∫ IR^N ×IR+ (μ_{|.−u(x,t)|}(x, t)φ_t(x, t) + μ_{F (.,u(x,t))}(x, t)v(x, t).gradφ(x, t))dxdt ≥ 0 ∀ φ ∈ C^1_c (IR^N ×]0, T [, IR_+). (23)

where F (α, β) = sign(α − β)(f(α) − f(β)). This result was proved by DiPerna (see [2]) in the case where v is constant.

Then, for a > 0, ω = V M_f with M_f = sup_{s∈[−b,b]} |f^′(s)| where b = sup(r, U ), U = ‖u‖_L∞_{(IR}N_{×]0,T [)}, let B_R

= {x ∈ IR^N ; |x| ≤ R}, and define : A(t) = ∫ B_{a−ωt} μ_{|.−u(x,t)|}(x, t)dx, 0 < t < inf(T, a ω ) = ∫ B_{a−ωt} ∫ IR |λ − u(x, t)|dν_{x,t}(λ) dx. (24)

We prove in Step 2 below that A is a.e. decreasing, i.e. :

A(t_1) ≤ A(t_2) for a.e. t_1, t_2 ∈ [0, inf(T, a ω )], t_1 ≥ t_2. (25)

By Lemma 1, we have :

lim_{τ→0} 1 τ ∫_τ 0 ∫ B_a μ_{|.−u0(x)|}(x, t)dxdt = 0. (26) In step 3, we deduce from (25) and (26) that μ_{|.−u(x,t)|}(x, t) = 0 for a.e. (x, t) ∈ IR^N ×]0, T [ and therefore that ν_{x,t} = δ_{u(x,t)} for a.e (x, t) ∈ IR^N ×]0, T [.

Step 1 (Proof of Assertion (23)).

Taking regularisations of φ, we need to prove (23) for φ ∈ C^∞_c (IR^N ×]0, T [, IR_+) only. Since u is the entropy weak solution to (1), that is u ∈ L^∞(IR^N ×]0, T [, IR) and u satisfies (2), taking η(.) = |. − k|, k ∈ IR in (2) (such functions being obviously admissible by a regularisation procedure), we obtain : ∫ IR^N ×IR+ [ |u(y, s) − k|φ_t(y, s) + F (u(y, s), k)v(y, s).gradφ(y, s) −f(k)sign(u(y, s) − k)divv(y, s)φ(y, s) ] dyds ≥ 0 ∀ φ ∈ C^∞_c (IR^N ×]0, T [, IR_+). (27)

Similarly, since ν is an entropy measure valued solution to (1), ν satisfies : ∫ IR^N ×IR+ [ μ_{|.−k|}(x, t)φ_t(x, t) + μ_{F (.,k)}(x, t)v(x, t).gradφ(x, t) −f(k)μ_{sign(.−k)}(x, t)divv(x, t)φ(x, t) ] dxdt ≥ 0 ∀ φ ∈ C^∞_c (IR^N ×]0, T [, IR_+). (28)

Since the application defined by : (k, y, s) → |u(y, s) − k|φ_t(y, s) + F (u(y, s), k)v(y, s) .gradφ(y, s) − f(k)sign(u(y, s) − k)divv(y, s)φ(y, s) is integrable over IR × IR^N ×]0, T [ for the measure ν_{x,t} ⊗ λ_N ⊗ λ for fixed (x, t) (we denote λ and λ_N the Lebesgue measures on IR and IR^N ), we integrate (27) over IR w.r.t. the measure ν_{x,t} and obtain : ∫ IR^N ∫_T 0 [ ∫ IR |u(y, s) − λ|dν_{x,t}(λ) φ_t(y, s)+ ∫ IR F (u(y, s), λ)dν_{x,t}(λ)v(y, s).gradφ(y, s)− ∫ IR f(λ)sign(u(y, s) − λ)dν_{x,t}(λ)divv(y, s)φ(y, s) ] dyds ≥ 0 ∀ φ ∈ C^∞_c (IR^N ×]0, T [, IR_+).

(29)

For p = 1, N , let ρ_p ∈ C^∞_c (IR^p, IR) ; supp (ρ_p) = {x ∈ IR^p, ρ_p(x) ≠ 0} ⊂ B_1, ρ_p ≥ 0 and ρ_p constant on B 1_2 and ρ_p(−x) = ρ_p(x) ; let ρ_{p,n} be defined by ρ_{p,n} = n^pρ_p(nx), ∀ n ≥ 1.

Let ψ ∈ C^∞_c (IR^N ×]0, ∞[, IR_+) and a > 0 such that ψ(x, t) = 0 if t ≤ a (and x ∈ IR^N ). We take, for n ∈ IN^⋆ such that^1_n < a, φ(y, s) = ψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s) in (29) and integrate over IR^N ×]0, T [. We obtain : ∫ IR^N ∫ IR ∫ IR^N ∫ IR [ ∫ IR |u(y, s) − λ|dν_{x,t}(λ) ( 1 2 ψ_t( x + y 2 , t + s 2 )ρ_{N,n}(x − y) ρ_{1,n}(t − s) − ψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ^′_{1,n}(t − s) ) + ∫ IR F (u(y, s), λ)dν_{x,t}(λ) v(y, s). ( 1 2 gradψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s)− ψ( x + y 2 , t + s 2 )gradρ_{N,n}(x − y)ρ_{1,n}(t − s) ) − ∫ IR f(λ)sign(u(y, s) − λ)dν_{x,t}(λ) divv(y, s)ψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s) ] dydsdxdt ≥ 0.

(30)

Note that (30) makes sense, since the expression between brackets in (30) is integrable over (IR^N ×]0, T [)^2 for the measure (λ_N ⊗ λ) ⊗ (λ_N ⊗ λ). Now, taking k = u(y, s) and φ(x, t) = ψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s) in (28) (for n ∈ IN^⋆ such that^1_n < a), we may again integrate over IR^N ×]0, T [, thus obtaining : ∫ IR^N ∫ IR ∫ IR^N ∫ IR [∫ IR |u(y, s) − λ|dν_{x,t}(λ) ( 1 2 ψ_t( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s) +ψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ^′_{1,n}(t − s) ) + ∫ IR F (u(y, s), λ)dν_{x,t}(λ)v(x, t). (1 2 gradψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s)+ ψ( x + y 2 , t + s 2 )gradρ_{N,n}(x − y)ρ_{1,n}(t − s) ) + ∫ IR sign(u(y, s) − λ)dν_{x,t}(λ) f(u(y, s))divv(x, t)ψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s) ] dxdtdyds ≥ 0.

(31)

Summing (30) and (31), we get :

T_n + X_n + Y_n + Z_n + W_n ≥ 0, (32)

where,

T_n = ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR |u(y, s) − λ|dν_{x,t}(λ) ψ_t( x + y 2 , t + s 2 ) ρ_{N,n}(x − y)ρ_{1,n}(t − s)dxdtdyds, (33)

X_n = ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR F (u(y, s), λ)dν_{x,t}(λ)v(x, t).gradψ( x + y 2 , t + s 2 ) ρ_{N,n}(x − y)ρ_{1,n}(t − s)dxdtdyds, (34)

Y_n = 1 2 ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR F (u(y, s), λ)dν_{x,t}(λ) [ v(y, s) − v(x, t) ] . gradψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s)dxdtdyds. (35)

Z_n = ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR F (u(y, s), λ)dν_{x,t}(λ) [ v(x, t) − v(y, s) ] . ψ( x + y 2 , t + s 2 )gradρ_{N,n}(x − y)ρ_{1,n}(t − s)dxdtdyds. (36)

W_n = ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR sign(u(y, s) − λ) [ f(u(y, s))divv(x, t) − f(λ) divv(y, s) ] dν_{x,t}(λ)ψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s)dxdtdyds. (37)

By successive changes of variables, we get :

T_n = ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR |u(x − y n , t − s n ) − λ|dν_{x,t}(λ) ψ_t(x − y 2n , t − s 2n ) ρ_N (y)ρ_1 (s)dxdtdyds, (38)

so that : |T_n − ∫ IR^N ∫ IR ∫ IR |u(x, t) − λ|dν_{x,t}(λ) ψ_t(x, t)dxdt| ≤ ∫ B1×B1 ‖u(. − y n , . − s n ) − u‖_L1_{(Kψ )}‖ψ‖_∞ρ_N (y)ρ_1(s)dyds + 1 n C_{ψ,b}, (39)

where K_ψ = K^′_ψ, K^′_ψ = {(x, t) ∈ IR^N ×]0, T [ ; ∃(y, s) ∈ IR^N ×]0, T [, |y − x| ≤ 1, |t − s| ≤ 1 and ψ(y, s) ≠ 0}, and C_{ψ,b} depends on ψ (more precisely on the L^∞ norm on the second derivatives of ψ and on the measure of K_ψ ) and b. We used, here, the fact that ρ_N (y) = 0 if |y| > 1 and ρ_1(s) = 0 if |s| > 1. Therefore, by the theorem of continuity in means, T_n → ∫ IR^N ×IR+ ∫ IR |u(x, t) − λ|dν_{x,t}(λ) ψ_t(x, t)dxdt as n → +∞. (40) In a similar way, it is easily seen that : |X_n − ∫ IR^N ∫ IR ∫ IR F (u(x, t), λ)dν_{x,t}(λ)v(x, t)gradψ(x, t)dxdt| ≤ V M_f ∫ B1×B1 ‖u(. − y n , . − s n ) − u‖_L1_{(Kψ )}‖gradψ‖_∞ρ_N (y)ρ_1(s)dyds + 1 n C_{v,ψ,b}, (41)

where C_{v,ψ,b} only depends on v, ψ and b, so that : X_n → ∫ IR^N ×IR+ ∫ IR F (u(x, t), λ)dν_{x,t}(λ)v(x, t)gradψ(x, t)dxdt as n → +∞. (42)

Since ρ_{N,n}(x − y) = 0 if |x − y| > 1 n (resp. ρ_{1,n}(t − s) = 0 if |t − s| > 1 n ), and since v is continuously

derivable, we get that : |Y_n| ≤

C_2 n , where C_2 depends on v, ψ and b.

Denoting by v_i, i = 1, . . ., N , the components of v, we have : |(v_i(x, t) − v_i(y, s))ψ( x + y 2 , t + s 2 ) − [^N∑ j=1 ∂v_i ∂x_j (x, t)(x_j − y_j ) + ∂v_i ∂t (x, t)(t − s) ] ψ(x, t)| ≤ C^{(i)}_{v,ψ} n^2

, (43)

where C^{(i)}_{v,ψ} only depends on v and ψ. Hence we may write Z_n under the form :

Z_n = N∑ i=1 (^N∑ j=1 Z^{ij}_n ) + Z^′_n + Z^{′′}_n. (44)

where : Z^{ij}_n = ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR F (u(y, s), λ)dν_{x,t}(λ) ∂v_i ∂x_j (x, t)(x_j − y_j ) ψ(x, t) ∂ρ_{N,n} ∂x_i (x − y)ρ_{1,n}(t − s)dxdtdyds, (45)

Z^′_n = ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR F (u(y, s), λ)dν_{x,t}(λ) N∑ i=1 ∂v_i ∂t (x, t)(t − s) ψ(x, t) ∂ρ_{N,n} ∂x_i (x − y)ρ_{1,n}(t − s)dxdtdyds, (46)

and |Z^{′′}_n| ≤ ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR |F (u(y, s), λ)|dν_{x,t}(λ) N∑ i=1 C^{(i)}_{v,ψ} n^2 | ∂ρ_{N,n} ∂x_i (x − y)ρ_{1,n}(t − s)|dxdtdyds. (47)

Noting that ∫ IR sρ_{1,n}(s)ds = 0 and that ∫ IR^N y_j ∂ρ_{N,n} ∂x_i (y)dy = 0 for i ≠ j, we get by successive changes of variables (and using the Lipschitz continuity of F and the theorem of continuity in means) that Z^′_n → 0 and, for i ≠ j, Z^{ij}_n → 0 as n → +∞. It is also clear that Z^{′′}_n → 0 as n → +∞. Remarking that ∫ IR^N y_i ∂ρ_{N,n} ∂x_i (y)dy = −1, and thanks to the Lipschitz continuity of F , we obtain :

Z^{ii}_n → − ∫ IR^N ∫ IR ∫ IR F (u(x, t), λ)dν_{x,t}(λ) ∂v_i ∂x_i (x, t)ψ(x, t)dxdt as n → +∞. (48)

Therefore, Z_n → − ∫ IR^N ∫ IR ∫ IR F (u(x, t), λ)dν_{x,t}(λ)divv(x, t)ψ(x, t)dxdt as n → +∞. (49)

We now turn to the study of W_n which we write under the form W_n = W^1_n + W^2_n, with :

W^1_n = ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR sign(u(y, s) − λ) [ f(u(y, s)) − f(λ) ] dν_{x,t}(λ)divv(x, t) ψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s)dxdtdyds (50)

and W^2_n = ∫ IR^N ∫ IR ∫ IR^N ∫ IR ∫ IR f(λ)sign(u(y, s) − λ)dν_{x,t}(λ) [ divv(y, s) − divv(x, t) ]

ψ( x + y 2 , t + s 2 )ρ_{N,n}(x − y)ρ_{1,n}(t − s)dxdtdyds. (51)

Since |W^2_n | ≤ C_{v,f,ψ,b} n ∫ K_ψ ∫ IR ∫ K_ψ ∫ IR ρ_{N,n}(x − y)ρ_{1,n}(t − s)dxdtdyds, where C_{v,f,ψ,b} depends only on f, v, ψ and b, we have : W^2_n → 0 as n → +∞. By a successive change of variables and thanks to the Lipschitz continuity of F , we have : W^1_n → ∫ IR^N ∫ IR ∫ IR F (u(x, t), λ)dν_{x,t}(λ) divv(x, t) ψ(x, t)dxdt as n → +∞. Hence, passing to the limit in (32), we obtain (23).

Step 2 (Proof of Assertion (25)). We prove here that A defined in (24) is a.e. decreasing. Let τ = min(T, a ω ), 0 < t_1 < t_2 < τ , 0 < ε < min(t_1, τ − t_2), and δ > 0. Let ψ ∈ C^1_c (IR_+, [0, 1]) with ψ = 1 on [0, a], ψ = 0 on [a + δ, +∞[, and ψ^′ ≤ 0. Let r_ε be defined by :

r_ε(t) =

0 if 0 ≤ t ≤ t_1 − ε t − (t_1 − ε) ε if t_1 − ε ≤ t ≤ t_1 1 if t_1 ≤ t ≤ t_2 (t_2 + ε) − t ε if t_2 ≤ t ≤ t_2 + ε 0 if t_2 + ε ≤ t < +∞.

(52)

Taking φ(x, t) = ψ(|x| + ωt) r_ε(t) in (23) (this is possible by taking regularisations of the functions r_ε) leads to : 1 ε ∫_{t1} t1−ε ∫ IR2 μ_{|.−u(x,t)|}(x, t)ψ(|x| + ωt)dxdt− 1 ε ∫_{t2+ε} t2 ∫ IR2 μ_{|.−u(x,t)|}(x, t)ψ(|x| + ωt)dxdt ≥ E, (53)

with E = − ∫_T 0 ∫ IR2 [ ωμ_{|.−u(x,t)|}(x, t) + μ_{F (.,u(x,t))}(x, t) v(x, t).x |x| ] ψ^′(|x| + ωt)r_ε(t)dxdt. (54)

Note that, since ν_{x,t} is supported in [−b, b], and u(x, t) ∈ [−b, b] for a.e. (x, t) ∈ IR^N × [0, T ], |μ_{F (.,u(x,t))}| ≤ ∫ IR |f(λ) − f(u(x, t))|dν_{x,t}(λ) ≤ ∫ IR M_f |λ − u(x, t)|dν_{x,t}. (55) Therefore, |μ_{F (.,u(x,t))}(x, t) v(x, t).x |x| | ≤ M_f V μ_{|.−u(x,t)|}(x, t) ; (56) hence, since M_f V = ω and ψ^′ ≤ 0, the inequality E ≥ 0 holds. Letting δ → 0 (noting that the application (x, t) → μ_{|.−u(x,t)|}(x, t) belongs to L^∞(IR^N ×]0, T [)), we deduce from (53) that : 1 ε ∫_{t1} t1−ε ∫ B_{a−ωt} μ_{|.−u(x,t)|}(x, t)dxdt − 1 ε ∫_{t2+ε} t2 ∫ B_{a−ωt} μ_{|.−u(x,t)|}(x, t)dxdt ≥ 0, (57) that is : 1 ε ∫_{t1} t1−ε A(t)dt − 1 ε ∫_{t2+ε} t2 A(t)dt ≥ 0. (58) Since A ∈ L^1(]0, T [) (in fact, 0 ≤ A(t) ≤ (r + U )λ_N (B_{a−ωt})), we deduce that, if t_1 and t_2 are Lebesgue points of A, then : 0 < t_1 ≤ t_2 < T ⇒ A(t_1) ≥ A(t_2)).

Step 3 (conclusion of the proof) We first remark that ∫ B_a μ_{|.−u(x,t)|}(x, t)dxdt ≤ ∫ B_a μ_{|.−u0(x)|}(x, t)dxdt + ∫ B_a |u(x, t) − u_0(x)|dxdt. (59)

Since (by 5) 1 τ ∫_τ 0 ∫ B_a |u(x, t) − u_0(x)|dxdt → 0 as τ → 0, we obtain from (26) that

lim_{τ→0} 1 τ ∫_τ 0 ∫ B_a μ_{|.−u(x,t)|}(x, t)dxdt = 0, (60)

so that : 1 τ ∫_τ 0 A(t)dt → 0 as τ → 0. Therefore, since A is decreasing a.e. on ]0, τ [, A(t) = 0 a.e. on ]0, τ [ ; since a is arbitrary, we conclude that μ_{|.−u(x,t)|}(x, t) = 0 a.e. in IR^N ×]0, T [, so that ν_{x,t} = δ_{u(x,t)} for a.e. (x, t) ∈ IR^N ×]0, T [.

Remark 5 In the case described in Remark 3, the decreasing property of A(t) (a.e.) is no longer valid (because of the term g(x, t, u)) ; however, the following property holds :

0 < t_1 < t_2 < τ =⇒ A(t_2) ≤ A(t_1) + K ∫_{t2} t1 A(t)dt, (61) where K depends on the Lipschitz constant of g w.r.t. u. From this property (and from (26), which remains valid), we deduce that A(t) = 0 a.e., and therefore that ν_{x,t} = δ_{u(x,t)} for a.e. (x, t) ∈ IR^N ×]0, T [. Hence the uniqueness result still holds.

References

[1] Champier S., Gallouët T. , Herbin R., Convergence of an Upstream finite volume Scheme on a Triangular Mesh for a Nonlinear Hyperbolic Equation, prépublications du LAMA, 91-08, université de Chambéry.

[2] DiPerna R. (1985): Measure-Valued Solutions to Conservation Laws, Arch. Rat. Mech. Anal., 88, 223-270.

[3] DiPerna R. (1983): Nato Asi Series.

[4] Kruzkov S.N. (1970): First Order quasilinear equations with several space variables, Math. USSR.

Sb. 10, 217-243.

[5] Lax P. D. (1954): Weak solutions of nonlinear hyperbolic equations and their numerical computation, Comm. Pure Appl. Math., 7, 159-193.

[6] Oleinik O. A. (1963): Uniqueness and stability of the generalized solution of the Cauchy problem for quasi-linear equation, Am. Math. Soc. Transl. (2) 33, 285-290.

[7] Szepessy A. (1989): An Existence Result for Scalar Conservation Laws Using Measure Valued Solutions, Comm. P.D.E., 14(10), 1329-1350.

[8] Vol’pert A. I. (1967): The spaces BV and quasilinear equations, Math. USSR Sb. 2, 225-267.